n , ƒ). We £ay that two singular manifold (5J, /i) and (J5J,/ 2 ) are bordant in (X, yl) if and only if the disjoint union (JB*U -~B1,f\\Jf<ï) bords in (X, ^4). By the well-known angle straightening device [5] this is shown to form an equivalence relation. The oriented bordism class of (B n ,f) is written \B n , ƒ] and the collection of all such bordism classes is O n (X, A). An abelian group structure is imposed on £2 n (X, A) by disjoint union, and then following Atiyah we refer to fi n (X, A) as an oriented bordism group of (X, ^4). The weak direct sum fi*(X, A) = ^2Q 0 n (X, A) is a graded right module over the oriented Thorn cobordism ring £2. We may define reduced groups Q»(X) for X^0 by letting 4>(X)=p and setting ~S2 n (X) ==ker(fi n (X)-^fl! n (£)). By the usual argument fl n (X)c^£2 w + Q> n (X). On the category of finite CW-pairs the strong excision theorem holds. It is difficult to analyze the bordism functor directly, thus we follow Atiyah and turn to a problem in stable homotopy. We denote by M SO the stable Thorn object (or spectrum) consisting of the se-
of Thorn spaces together with the specific imbeddings of the suspension S(MSO(k))
in MSO{k + \) given in [ó] . For any integer n we define fl w (X, A) (the cobordism group) to be the common value of [S*(X, A), MSO(k+n)] for k large. Thus we obtain {0 n (X, A), <£*, S*} a contravariant functor which on the category of finite CW-pairs satisfies the first six axioms of Eilenberg-Steenrod for cohomology. For a point Q n (p) c^flL". There is the Thom-Atiyah duality theorem. The corollary is first shown for a cobordism spectral sequence. In this case Wall's observation that modulo the class of torsion groups of odd order MSO can be regarded as a product of Eilenberg-MacLane spaces gives the remark immediately [7] . From (1.5), the fact that Î2 has no odd torsion, and the behavior of the fl-module structure in the bordism spectral sequence we see easily Obviously there is an isomorphism Çl n (X, A)c^.^p+a H p (X f A; ti q ) modulo the class of torsion groups of odd order. If we combine (1.5) and (1.6) and the known structure of 12 we see This last isomorphism is not natural. This, together with the following remark, sheds some light on a problem posed by Steenrod which asks if an integral homology class on a complex can be realized as the image of the orientation class of a closed manifold under a suitable map into the complex. We might also take H 2 k(X 1 A ; Z) = 0 for k^O and the same follows. It can be shown that if H*(X y A ; Z) has no torsion then fl*(X, A) has an fl-base, thus it is a free fi-module. Clearly unoriented bordism groups 91» (X, A) can also be denned by ignoring orientation. Every element has order 2 of course and 91*(X, A) is a graded right 91-module over the unoriented cobordism ring 91. In this case however:
(1.9) THEOREM. For a finite CW-pair 91*(X, A) is a free graded ^-module isomorphic to H*(X, A ; Z 2 ) ®9l.
The bordism spectral sequence always collapses in the unoriented case since 91»(X, A)-*H n (X, A; Z 2 ) is always surjective [ó] . Obviously there is a reduction homomorphism r: fi»(X, A)->9l»(X, A) and we can show a generalization of the Rochlin exact sequence:
Naturally the question will arise as to whether or not the bordism class of a map can be characterized by algebraic invariants, which would then be the analogues of Stiefel-Whitney numbers and Pontrjagin numbers. We now turn to interpretations.
Bordism classification of bundles. Let G denote a compact Lie group, possibly finite, with classifying space B(G). Although B(G)
is not a finite CW-complex all the results of §1 apply to it. Now what is tiniBÇG))? An element is given by a map/:
is really given by a preferred homotopy class of maps of M n into the classifying space. This, on the other hand, exactly determines a G-bundle over M n . What we have actually is a cobordism classification of G-bundles over closed oriented manifolds. The fibre is immaterial. Now the reader may apply §1 to compute Q*(B(G)) if G = 0(Jfe), SO(Jfe), U(k) or Sp(&). A similar meaning is given to 9fl*(I?(G)).
Another interpretation is very useful when G is finite. We shall restrict ourselves to cyclic transformations of prime order. Let (T, M n ) be an orientation preserving, fixed point free diffeomorphism of prime period p on a closed oriented manifold. We say that (7", M n ) equivariantly bords if and only if there is a fixed point free orientation preserving diffeomorphism of period p on a finite manifold (r, B n+l ) for which (r, dB n+l ) is equivariantly diffeomorphic to (7\ M n ) by an orientation preserving diffeomorphism. Note that no fixed points are allowed. Now from (7\, M") and (T 2y Ml) a disjoint union It is somewhat surprising that the order of the ^-torsion becomes so large. While the bordism sequence of B(Z P ) will collapse for any prime we must, for odd primes, turn to more geometric methods to obtain the structure theorem (2.1). The argument is based on the analysis of certain known maps of period p on CP(p -1), complex projective (p -1)-space.
Fixed point sets of involutions.
In this section we shall quickly sketch some applications of the foregoing to the fixed point set of differentiate involutions on closed unoriented manifolds. Let 0(n -Tn)) ) is the unoriented bordism group of (n -m)-plane bundles with structural group 0{n -m) over closed w-manifolds. We shall define a homomorphism j*: L n -»9l n __i(J3(Z 2 )). by ri(/, X) = (1-/, x) and T 2 (t, x) = (1-t, T(x) ). We adjoin IXM n to a copy of itself along the boundary by the equivariant diffeomorphism m(l, x) ==(1, r(x)), w(0, x) = (0, x). We obtain an involution {V', F w+1 ) on a closed manifold. Now (3.2) follows by applying (3.1) to (T', V n+l ). We note that (3.1) and (3.2) are entirely geometric in nature. We note for example that if we consider (T, CP(n)) given by 2 forms an 9l-base of 3l*(J3(Z 2 )) thus [P n ] 2 = 0, 0^m<n. The rest is a simple consequence of (3.2). Dually we have Suppose all the Whitney classes of the normal bundle to S k vanish, then by (3.3) it follows that single point cobords mod 2. Thus we see that the &th Whitney class of N->S k is nonzero, so fe = 0, 1, 2, 4 or 8. Next (3.2) must be used heavily to finish the proof. We cannot indicate here the proof of (3.6) THEOREM. For each integer fe^O there is an integer cj>(k) such that if (T, M n ) is an involutiion on a noncobording manifold with n><t>(k) then some component of the fixed point set has dimension greater than k.
We are not able to estimate <£(&) in general; however there is a more specific result of this type. We now turn to (Z 2 ) ;b , the &-fold direct sum of Z 2 with itself. A stationary point of a group acting is a point left fixed by the entire group. 
